New nonoscillation and oscillation criteria are derived for scalar delay differential equationṡ
Introduction
It is well known that a scalar linear equation with delaẏ where a : t 0 , ∞ → 0, ∞ , t 0 ∈ R throughout this paper we assume that t 0 ≥ 0 is sufficiently large , is a continuous function and the delay τ > 0 is a constant. For the critical case, he obtained the following result. In this theorem for k ≥ 1, ln k t ln ln k−1 t , ln 0 t t, t > exp k−2 1 where exp k t exp exp k−1 t , exp 0 t t, and exp −1 t 0.
Further results on the critical case for 1.3 can be found in 2-6 . Theorem 1.1 was generalized in 7 for the following equation with a variable delaẏ x t a t x t − τ t 0, 1.6
where a : t 0 , ∞ → 0, ∞ , t 0 ∈ R, and τ : t 0 , ∞ → 0, ∞ , t 0 ∈ R, are continuous functions.
The main results of this paper include the following.
Theorem 1.2 see 7 .
Let t − τ t ≥ t 0 − τ t 0 if t ≥ t 0 . Let an integer k ≥ 0 exists such that a t ≤ a kτ t for t → ∞, where
1.7
If moreover
then there exists an eventually positive solution x of 1.6 for t → ∞. In this paper we obtain new nonoscillation and oscillation sufficient conditions for 1.6 in the critical case, independent of Theorems 1.1−1.3. We also obtain nonoscillation and oscillation conditions for equations with several delays, including equations with unbounded delays. To the best of our knowledge, we are the first to investigate the critical case of such equations.
Preliminaries
We consider a scalar delay differential equatioṅ
subject to the following conditions: Proof. A We set h 1 t : t − τ t , g 1 t : t − τ. Obviously h 1 t ≥ g 1 t for t → ∞. By Theorem 1.1, 1.3 has a nonoscillatory solution. By Lemma 2.4 with m 1, b 1 t c 1 t a t , 1.6 also has a nonoscillatory solution.
B The proof of this part is much the same using Theorem 1.1 and Lemma 2.4 as the proof of part A . Theorems 1.2 and 1.3 can be applied to equations with one unbounded delay. Here, we want to give some new nonoscillation and oscillation conditions for equations with one delay, also including equations with unbounded delays. We remove some conditions of Theorems 1.2 and 1.3, in particular conditions 1.8 and 1.9 . Moreover, the delay function τ t used in Theorems 1.2 and 1.3 as a coefficient appears in our conditions in both integral and nonintegral expressions.
For every integer k ≥ 0, δ > 0, and t → ∞ we define
where s p t :
Theorem 3.2. Let for t 0 sufficiently large and t ≥ t 0 : τ t > 0 a.e. 1/τ t be a locally integrable function,
and let there exists
and, for a fixed integer, k ≥ 0, 
Differential Equation with Several Delays
We start with the following question: for what functions b t ≥ 0 and delay σ > 0 the equatioṅ
can have a nonoscillatory solution? It is easy to see that b should be vanishing. Proof. Consider first the equatioṅ
Suppose that 4.2 has a nonoscillatory solution. We set m 2,
4.3
Since For sufficiently large t 0 , we have b t ≥ b, t ≥ t 0 . We set m 2,
4.6
Now, Lemma 2.4 implies the statement of the theorem.
We consider general equation 2.1 with delays subject to restrictions a1 , a2 . 
Theorem 4.2. a Let an integer k ≥ 0 and τ > 0 exist such that, for all sufficiently large t, inequalities
t − h i t ≤ τ, i 1,
4.12
We have 
4.15
Hence using Lemma 2.6 again , an equatioṅ
should have a nonoscillatory solution. Due to θ > 1 being arbitrary, we easily get a contradiction to statement b of Theorem 1.1. 
Differential Equation with Two Delays
In 12 the authors consider a differential equation with two delayṡ
where α i e λ 0 τ i < 0.
5.32
Then 2.1 has a nonoscillatory solution.
The following statement generalizes Theorem 5.4. We will formulate this result for 2.4 . The proof of Theorem 5.7 is omitted as it can be done easily using Lemma 2.4 and Theorem 5.4.
Concluding Remarks
In conclusion we note that there exist numerous results on nonoscillation for various classes of delay differential equations in a noncritical case. We refer, for example, to monographs 6, 9, 13, 14 , recent papers 15-22 , and references therein. Some of the books and papers mentioned discuss the critical case from various points of view different from our approach, and we mentioned them above. In the paper we investigate the critical case for delayed differential equations. It will be interesting as a motivation for further investigation along these lines to consider cases, critical is a sense to other classes of equations, in particular, for integrodifferential equations, differential equations with distributed delay, or differential equations of a neutral type. Finally, for nonoscillation results for difference equations we refer to 23-28 . 
